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o. INTRODUCTI oN

The sADosA program system is designed for high precísion
coJrputation of three-dimens iona1 station coord,inates using
doppler observations of the satellites of Naq/ Navigation
Satellite system. The program system consists of three prog-
rarns: the SPPENC, and tlERGE programs for preprocessing, and
the SAD0SA program for higir precision geodetic adjustment.

The sPPENc program operates in sing}e point mode. Tn a
pass-by-pass manner the observations are edíted by elevation
angles and synimetry fimits, a numerica]_ fi]_tering is performed
by residual litn_i ts and sing}e slation coordinates are compu-

ted, as we]_l as data are edited and output for further proces-
Sing. The res j_dual editing is based on separate pass-by-pass
Ieast squares solution. The single station coordinates are
adjusted by sequential least squares method. The satellite
coordínates are obtained from broadcast ephemerides.

At the second stage the MERGE progIam arranges the
SPPENc-edited data into one file in an orbít-by-orbit manner
for fina1 p::cessing by SADOSA. For every orbit unique orbi-
ta1 data are comIrt,ed. In case of broadcast ephemerides the
unique orbit v,/i11 be based on the union of broadcösted data
coming from different stations. If precise ephemerides are
availabfe they replace the respective broadcast ephemerides.
Finally, each orbit wi1]_ be represented by coefficíents of
Chebyshev polinomi als .

At the final stage a high precision geodetic adjustrnent
of a multistation netvrork is carried out by the SADOSA program
using the merged fi]-e. Most of the principa1 properties of
the sADoSA program system is realized at this stage, name}y:
rnultiIocation short arc or semj-short arc method,, range diffe-
.rence or pseudo-íange model, different v/ays of weighting the
observables and selectíon of coord,inate system as we}1 as
constraining the station coordj_nates, the orbits and the error
modeI parametcrs.
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This document ís a MÁTHEMITICÁ! DESCRTITIO}T whích
gives the mathenetica]. nocie]"s ueeal in the prograns of
the §4DOSi pro8rsm systom. The ree]"ization can be forrnd
in the IROCRáMMING DOCUMBTTÁTION ancl in the lIfogram
l-istíngg. How to use it in pnactice, the use? ís refer-
recl to the O?ER4TOR'S MINUáÍ,.

Tha 5th version of the SáDOSi program system is
cliscussed in thís d.ocument.



1. STATEMENT OF THE PROBLEM

A Satellite transmits on frequency f.. A qlound station
recej-ver wi]]_ receive the Dopoler shifted frequency f. as
fo 1Iows :

f'-r
-1_. l., 1dr\

s\ c, dt/

where
range

c is the light velocíty in vacuum, dr/dt ís the slant
velocity of transmitter relative to the receiver.

-É,

Let us denote the antenna phase centre coordinates b],
Xg, Yg, Z., lg=9round/ , ttre coordj_nate oí the sate]_]_ite
Posítion at epoch ti bY X=i, Ysi, Zsí /s=satellite/ and the
respective station-to-sateIlite slant range b)z Árr. Further,
]_et At. be the propagatíon time of a signa1 transnitted at
epoch ti, and f^ the receiver frequency. The integrated Doppler
count Ni is obtained by countíng the bea! frequency lfo-frl
between two epochs as expressed below:

1
t.

1

(

rr(n, , r" , f9, t1_1, ti , óti_1,

(

)t. _+1-1

l\ f -f dtr )

At

l2l

l3l

t 9
at i-1

From the other
expressed as a
coord,inates as

Ár a ir.,.. )

hand, the same range dífference
function E2 of the antenna and,

fo]_lows impliciteIy:

can be
satellite
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Ul;ing Eq. 1 and 2, a function Fl can be found. to express
the range difference Ár. = rr-rr_f as function of measured,
doppler counts, time epochs and other data. fmplicitely,
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)

X Y z xsi, si, si-1

time,
and f

of the

l4l

is to

C'J

J-

By means of the measureci quantities and suitable approximat-.:
values of non-measured parameters and, further, linearizing the
functíon F3=F2-Ff/ thus obtaining observational equations| óne
can adjust for corrections to approxímate palameters by least
squares method.

For practical use the explicite form of function F
be 16g14.In connection with terms of Eq. 3 it has to be
notíce{ ;hat
- the frequencies f= and fn are continously varying by
- the above time epochs are generated by the varying f"
- the cycle count is performed not at the phase centre

1

antenna but in other block of the receiver,
the doppler counts are disturbed by atmospheriqa1 refractions,
relativistic effects and Earth rotation effect.

These effects partly can be considered, as
be introduced and partly ha/e to be determined
model parameters .

2.1. Plgqugn cy bias

!,Jhere f ót ítqo, g \

and drift of the
Similar formula

receiver frequency at
can be written for the

some initial
tr an smi tter

corrections to
as unknown error

l5l

offs et
eooch t

The time varying rece]_ver frequency is expresseil by

fn rno+ótn( to) +in (tn) ( t-to)

1) una in(t*) are the nominal va]"ue,

k
frequency :

f f"o*óf" (tn) +i= (tn) (t-to)

In plctice, at thé starting 1eve1 of processing
it 1s supposed that fgo= oo MHz and the 6fo is
from 4oo M}iz to be determíned. At higher lÓve}
/SADOSA prog,ran/'a good approximation is used for

l6l

/ SPPENC prograr",/

the offset
of proce§Sing
fno which

2 . ERRoR IuoDEL
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contains already
smal1 correction

an approximate correction
d§f has to be determineds

áf
<J

so
and, only a

that

oí ót +dófo c

In case of the transmitter frequency alwalrs a 9tood
notn:tn a] value f .o is available by the satellite message ,llot,7e-Jer ,

in computation the Ófo and Óf= can not be seoarated, their
composition is handled as a bias of the error model.

on a higher level of processing, the frequency drifts
and i= are handled together, too, as a second bias of
error 'rnode1.

o,

ig
the

2.2.Time corrections and bias

Let us consider Figure 1. The transmitteI signal
starts at epoch tr, /first event/ and after propagation in
the atmosphere comes to antenna phase centre of the receiver
at epoch tr, /second event/.. Here the doppler and tirning
signal decoding begíns. Decoding of the doppler signa1
requires time intervul íli and j_s finished by epoch t,
/third event/. Decoding of the timinq signal takes some time
Ír, and is finished by epoch t4i /fourth event/. The cycle
countj_ng staIts when the first positive zero crossj-ng
occurs at epoch t5i /fifth event/. The interva]- betvreen the
fourth and fifth event is 13. . The interval T2i varies
betr^/een 2oo-8oo ps, Zr. is much 1ess than the previous. They
are not measured, only a nominal value 79, called receiver
delay, is avai]_ab}e. The correction ía. ís measured; in case
of JMR-type receivers, or negligrible in case of other receivers.

Thus, the theoretical gating time epochs in the integ,ral
by Eq. 2 are !.. . and t-, vihich can be connected with the5.L--L 5r
corresponding sí9na1 emission time by the fo1lowing equation:

r(t fi rit5i Jl c +

l7l

l8l
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Where
céntre- to- s ate 11ite
tli and r. is the
be expressed b'y

Transmj-t ter

sfant ranqe
instantenous

,ít..) i=\ -L.L,
at epoch of
tirr,,e de 1ay.

the phase
signal enission
fts value can

19l

r (crr) /c 4i

rli

Re ce ive r

4

tzi Tgi

t 4i

Dopple]: inform.

Time ín form.

drift
]_ocaI

t-T)-
2a

L

T li

5l

t t
5-t

(T
t j.5l-'i.,-

rl.4L]_l T5i

T5i
t L1 t5í

Figure l

In pracl-*ice, a geodetic doppler recej-ver measures the
epoch t!, (""a tqarl in the loca]_ time system tg generated
by the receiver oscillator as denoted on Figure 1. This
system is in error by an offset time atfl and has a scale

s

bi as
,tas
9

due to the offset frequency ófo and the frequency
expressed by the followincr forn,ula to convert the

systen : to the uniform time svstem t]time

a

2i 3i1i
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^t_,]<

where Az is
\.íe obtain an

The epoch of a

ín crementation

f (i. )9, K,->r-go
(t- to) 1.-.o) ? l\o l

l12 l
delay 1

as follows

<1
6f (t, )gK,

f
9o

At the startíng ]_eve]_ of processing by SPPENC progran
lhe ]-ocal tíme system t9 is transferred to the universal time
repre§ented by the first two-minute satel]íte time signaJ_,
Ths epoch of each event ls obtaíned in system denoted by
T' on Fígure 1. The nominal receiver delay 7" and the time
correction 7r, are applied as correctíons. The receiver
synchronizes its clock to the first tr^/o-minute satellite
tíme signa1 as to the signa} vlith zero .index "o" and the

otío readout is obtained a epoch t.o. The difference between
the two systems t9 and t ís

, (t1o) r
2o

T

1o lLl l+
g
o c

Neglecting the term ^T in right s-ide of the equatj_on

r '_ ,t-

zo .Lo
T+^T

cJ

a correctlon to the

approximant At too

nomínal receiver

the correction atg
o

, (t1o )
lL3lc ct

Then every doppler incrementation time measurement is
computed in ]-ocal t.íme frame transferred, to satellíte time
using the f o]_lovrínq forrnula:

T

T +Át l14 l

fictive satellíte signal corresponding to doppler
can be computed by the fo}lowing way:

ct|)
5l o

( l.
li rTT1i 5í

r
c 3i T

9 ll-5l

Áto

5i
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g
5i

cí
4\ l16 lT^,

J-L
t

8
T 5o + (tir-rio) 4.}o

a_
"+ 6f4 .10

l 4.1o 8
T + T

l17 l

ll7al

g

T
1

( .-TI]_i o I ]_o 84.10 + 6f

Summarizing the higher J_evel processing, the T5i and
Tl. epochs are used, the rg and Í3it are consid,eIed as
corrections and, further, a dt synchronization bias is
adjusted which containsmainly the A7 correction to
receiver del ay.

Tt ls \^roí-Füto mentj_on that the above formulas are given
for JMR-type receivers.

For receivers of other lype it is considered that

'rr=O, that is tai=tsi.
The only exception is the CI.fjA-7 22B lihich does not

perform any time measurement. In this case the satellite
time frame ts is used and the starting point iS the satellite-
-bit-rate-derived epach of tbe fissN eventI denoted as ti..J.t
A fictive doppler incrementatíon eooch ti, is computed by
the fo]-Iowing fo rmula:

s

In Eq. 15 the a7 is negtected and a good approximatíon of
slant range r is usedi further

Summarizing the starting level, the Ti, and Ti.
epochs are used, the T, and T=, are considered, as
corrections.

For higher 1evel of processing by SADoSA program the
]_ocal time frame transferred to satel]-ite frame, denoted
as T', is scaled up using dn approximate offset frequency
6T_ and a quasi universal time system T is obtained by

means of the fo]_lovíing formula:

and
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. (tri)
+ +T

After that/ the t|,
Tli and T5. . Here

c cJ

considered equj.valent toand ti.f.t
t^.=O,Ja

are
too .

!18 l

for the
4OO MHz

2 3. Tonospherica1 re fract ion

A doppler count observed on one channel contaíns a
rather big effect of the ionospherical refraction. Every
recej_ver of geodetic type performs two-charne1 measurerr,ents
by rLeans of which the first order ionospherical effect can
be eliminated.

The JMR receivers record the already corrected doopler
counts. Tn case of leceivers of otheI type two-channel
doppler counts are recorded from vrhich a Al{ion correction
can be computed, by standard formu]as described in different
lj-terature§. Here, the reader is referred, to /Ashkenazi I977l
or /Brown, Trotter 1969 l or /Wells tg74l.

In further evalution a doppler count corrected,
first order ionospherical effect and transformed to
channel \^/i11 be denoted; Nion.

]_

TIopcJs pherica1 refraction
Numerous algorithms can be used to correct a dopcler

caunt for tropospöeríci.1 refractíon. ín the SADOSA prografil
system the model of Black's approximation
has been adopted being in good agreement with Tiqorous
models even at 50 of elevation lKoulba Lglg l.

The formula to
as fo11ows 3

compute correction to a s]_ant range J_S

dr,
]_

= to[r(n*hD,lc) -l(rr)] +tr [r (r*h6,1.) -u (nr)] l19 l

"5i ,li

)I
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(

L

cosE 2 -1 l,)
Ir (n, , ir, 1" ) 1+ l1-1 )h/Rg

D

l20 l

l2L l

l)) l

l23 l

l24 l

elevation anc_íle

mbar, T, is
Water vapour

155. 2 .10

155.2.to

40136 +

1 o. 833+ [o. ozo*o. ooo15 (TD-273Ü 
"xp 

(-o.7nr)

= 1.92 t Gt? +o. a),,lu (nr)

further

-7 hpP
TD

D

k

h

h

7 4 8IOe
)

'D

:-48.72 (ro-zz:. ro)

hvl

14
I1ooo

R_ is the station rad,ius, E. is the sateflite9]_
in degreesl P is the atmospherical pressure in
the dry tenperature in oK and e is the partíal
pressure j.n mbar.

The par.! j a.l -]:essure j_s

and humidity r /percen t trcO)
computed from dry temperature

e .11 1,,

j -s(tr-z,l1.3) / (TD-35.8)T
1.

The alternative
temperai:,,,es /To and

_^ , -?-4.5.Io , (1+1 .6B 10 -TI{,l(TD-TW)P

for e when the dry and Wet
given 1s es fo]_]_ows

373.16

f oImu]- a

T*/ are

l25 l

""W

w ]-oI3.246
T

W

5.02Bo3
,""p [-g,(t*)]

|25al

where

1-

whe re
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and

gT
W

18. 19728q+0.0LB7265 l-exp -8.03945q +

-,l T"-

3T3.T6,exp 26.1205 ]-- -I

q

+ 3.1813.10

373.16
'InJ

A dar. tropospheríca]_ correction has to be introduced into
the Ár. range dj_fferenceI as follows

Trop , i dr -dr l26l]_ l- _L

d ATrop,r= dK 
{Lsin( 

r?+alt t zl-t - ["i,,(n?_r*n)'/'J-'} l2,] l

error model.

corre cti on
to be

where dK is the refraction bias parameter of the

error mode1 a ídr. -d.. -), 1 r-L,
a dk refraction bias has

Summarizing, in the
has to be considered and
determj_ned,

2.5. Relativistic correction
The ]_ocal, and satellite clocks are used. They move

with relativistic velocity as compared, to each other and
both specia1 and genera1 relatj_vity wi11 effect. The
inst,antenous value of these effects /Víells L9']4lz

Il2
f f ]-- sV

c 1-
R-RJrs9

2 RRc s9

from which
di fference

. AR"]_ correctlon
correspond,in9 to a

can be computed for a range
doppler count accumulated

during dT1 time inteTva]" :

l28 l

None of the refract1_on mode]_s can express the rea1 conditíon
of the troposphere. This affects the tropo§pherica1 correctlon
to have a systematic error which is approximately proportíonal
to the elevation. The range dlfference Ar. remains in error:



+
V^_l"^net,l - |

2
1 2 dT l29 l

where Vs 
^r 

75oo m/s is the satellite velocity, c is the
velocj-ty of }ight, _rrr=3.99 ]_o4 rn37s2 is the gravítatíonal
constant, Rg is the station distance from geocentre,
R", and Rsi_1 .re the satel}ite distances from geocentre
at epochs Tf. and Tti_t, further dT.=T1.-T1._1.

ft has been pointed out that the relativistic
corrections are ad,ditive with the fn-f" frequency offse!
/Brown 1969 and We1l 1974/. Thus7 neglectinq this
correction vron't j_nfluence the statíon coordinates rather
than value óf f.s

2.6. Error rnodel for range differences
Starting viith Eq 2 and using the basic equations

It516,8,1O, the fo11owing error mod,el has been derived
for a range difference with index i from station g to
s ate]-lite pass s:

cr. clf+c, . di+ca . dt+c4idn=- * (,o
so

.+ 
^_ 

.+a .[,rop , r

]- on
i Tgi- AfdT +Á

l
+

+^ .r",)

^_ 
.+ 

^r.Kel,J" ]_

where, in addi+:ion to the previous explanations,

-L frequency offset,so

T

l30l

integration interval of the doopler

-,1^ 
^^^

the range difference,

count accumulated for dTt anc]

the first order ionospherical effect,

-T5i-1 is the
count,

]_sÁr.=r(t_.}a \ ,Lr,

is the_ doppler
corrected for

(-r T1i- 1

ii1on
1

is the velocity of light j,. vacuum,

)]
A
c R R .+R _9 S.r sa-I .I

- l2-

9o

dT a 5i
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Á

fso
t
9o

ót - óf ) is trre offset frequency unknovln,(
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rates at epochs
the epoch corresponding

g

T -T

'soi-
9o

\fs-f= l i. the frequency drift unknown,

dt is the synchronization bias, generally close to the
correction 

^r 
of the receiver delay,

dK is the tropospherical factor 1n p.

The coefficients are as follows:

'ti =9- at.t=o J-

( 5k5iSo t ]
2 2

- (ili-ili_1)

- 
{["r"tul-n ).-l2]-L - ["i"(e]_r*a)ilzl-r}

here ir, ..d ilí_l aJce the
T}' and Tlí_t, respectívely,
to the niddle of the orbit.

s}ant range
and T5k is

The corrections are as fo1low5:

Tgi (r r1í L-L-l Tg') correction for the receíver delay,

^ aJa - .r ,T',1i, "3i-.1i_1' t3i_1, special time correction
whích increases the accuracy of computations and
enables the user to highly exploit one of the
properties of JMR-tyPe receivers,

Trop, i drr-drr_lr the tropospherical correction by Eq,19.and 26.,Á

A
Re]_, i 1he relativistic correction blz Eq. 29.

Fígure 2 shows the configuration and epoclrs for range difference
mode 1 .

df=
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Figure 2.

Configuration and epochs for range difference moalel
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2.7. Error model for pseudo-range method

FoI the observations to a pass \,,/hich is interrupted
not more than three tímes the pseudo-range model is
índroduced as an a].ternative of so]_ving the adjustnrent by
SADoSA. In this case the oí,o doppf"r counts are used
which have been continuously accurnulated with resDect !o
the middle point, p /with epoch tu',/ or a continuous part
of the observed orbit. The number'of such orbit parts is
three as maximum.

The following error model is derived for this case:

c 1_on
ip - 

^fdT
D( +

Ton
j / vrith appropriate sign /

aD

max (p ) 3

I3r l+A +

-T

N

zg ip ^r3ip* 
ATrop,ip+ A o"t, in*'('a,) -'(trn)

In addition to the above explanations:

p ís number of parts of an orbít,

dT

p=I ,2,3,

5p

Ton
ip

l_

D

.dT1ip

zrp

'3 ip

ip

- c [t. -m ,2_/- ,2 12fsó L\'5i '5k/ \'5p 'ski ]

\'Ii 'lp i

'4ip
- 
{br. 

(nf ++ 1r/z;-r- [,i,le!n+ )"']-'}

c.. df+c^. ai+c^.dt+c,. dKlap zlP 5a 4ap -E-
'so

íp
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Á r9ip
|.\rli-rln/' C o

13 ip r-,LI JJ_ fp 5p^

Trop , ip

Re1 , ip

dr -dr
^

Á

.l

Fi gure
-r an9e

p

= Eq. 29 where the index i-l must be replaced by p

3. shows the configuration and epochs for pseudo-
mode1.

2.8 Remarks

The principal statements and formulas in Section 1

and section 2 are commonly known. Where not mentioned,
the reader is referenced to the basic sources which have
been used to the error model: /Ashkenazi 19'77 l,
/Brown, Trotter 1969/ and /Víells :t974|.

the
Hov7ever, there are two points which are peculiar ín

above error mode1 derivation:
The time f:,;me d efinition is based on

- the real],,: rneasured epoch of doppler incrementalions
l L5il l

- the corresponding fictive signal emíssion /T]il' at the
satellite compuLed from T5i,

- transferring the }ocal sYstem to a quasi universal
time system by means of the accurate two-minute
sate'1 '] ite time sí9na1.

. A speí-] a} time correction is used which increases the
accu, !]l/ of computations and enab}es the user to hiqhl],
exploit one of the proPerties of J},lR-type receivers.

1

2
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3. STATIoN CooRDINATES

A slant
expressed as

Ár c

range difference
fo1lows:

ór. =r(trr) -, (rrr_1) can be

l.r= [(xrr-xn) 
2* (vr. -vn12 + (zrr-zn)2lL l 2 -

- [(*rr-r-*n;2+ (vrr_r-v r)2*(zr, _r-,;'J'''

wheIe x_,y_,z,, are rectangu]_ar coordinates of the station 9,g, s, g
and Xr,YrlZ, with,indices í and i-l are the Earth fixed
rectangular coord,inates of the respectíVe satellite points
computed, for epochs T1. and Trr_a 9iven by Eq. 17a.

A set of corrections dxgrdYg,dzg are to be computed in
the adjustment. LineaIizing the Eq. 32 the fo11owín9 expression
is obtained for later use in the observational equations:

l32 l

l34 l

+ a_.dxll cl +a^. dY + a^. dz2.1 9Jrsa ]_

Here Ar! is the slant range difference computed by means of.l
preliminary station coordinates and EaIth fixed satellite
coordinates using Eq 32. The coefficient .li,.2i,u3i are the
partíal der.ivatives of Ár. with respect to Xg,Yg,Zg expressed
by the following equations of dírection cosine diferences:

"r, = (x!r-x§ )lr"{trr) - kir_r-*§ )/,c (Tli_l)

"r, = (v!r-v! )l,"ttrr) - 1v!r_r-v!) 7rc(trr_r)

a., = (z!r-z! )l,'trr.) - 1z!r_r-z! ) /r" (tli_1)

where the higher index c means "ca]_culated" or "preliminar1/".

l33 l
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For
$rritten:

pseudo-range model símilar expressions can be

-Rg si n 
'9"o" )9 -nn cos)onsin,\n cos Y cos ls

-R sin R9
^

!" 5ín

L' ,-zi,':i]

s
cos F cos lgs

9

cos ? sÍn}o l38lo

sin P
c_í

l39 l

g

R cos k'9 'g

So that

4. oRBTT REPRE SENTA T IoI,1

Two sources of satellite coord,inates
sADoSA program system: broadcast ephemerís
ePhemeri§ /PB /.

4. J-. Precise apheme ri s

o

Go

are used in the
/BE/ and precise

The p::ecise eph ides are comDuted ].n special cases

r(trr) -r (rrn) = [x.r-xn) 2+ (v.r-Yn) 2* (r rr-' ) 
2)I |'

[ixrn-x")2+ (vrn-vn) r*(,rrr-rn) rfrl' 
l35l

'(Tri) -. (tro)=.'(rrr) -r"(rrn) *.lrod*o*., ipdyg+.3ipdz 9 l36 t

"rlp= (x!r-x!) l," (rrr) - (xin-x§) lrc(t;o;

"zin= (v|r-v§)l.'(t.r) - 1vin-xj)7rc(t.n) t37 t

u:i.p= (z |r-z! ) l.'(rrr) - (ri,,-rZ; 7rc (r.o)

In case of corrections to latitude ld?, rad,l, longitude
/d,\ ,rad/ and ellipsoídal height ldH,ml the coefficr.;; ;;--Eq. 34 have to be transformed bv

cÍ
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for sate]_lites and are available on specia]_ request. The
precise ephemerides consist of the satellite rectanqular
coordinates xi,Yi,Zi /in m/ and their respective velocity /in
m/srl computed for round, minute epochs of UT /Ashk enazi i'977 l .

Their accuracy is estimated: 2m for each component of the
rectangular coordinates and 0.0O1 m/s for each component of
velocity.

For getting the satellite coordinates of the epochs
required in the adjustment, the coordinates x; ,Yr,Z, are
fit by least squares method to Chebyshev time polinomíals,
then ]_o coefficients of fit are obtained and used,.

The following Chebyshev polinomials ;:re comDuted:

J,a
t Ẑ,I
t_J,I l40l

t
10, 1

)y t -t öra

1

x,
]_

2x. -lI

l_

where x. is the time argument whj_ch spans 30 minutes and is
.L

normalized to +1:

2 (i-1)
3o- 1l i=I ,2 ,. . . ,30

t 2,1 1o, r

\o,z

l4Il

l42 l

A desigtn malrix T j_s obtained the síze of which is 3o*1o:

T
'r,'
!,2

30,10

The norma]_ equations are

:
L 1,30

N
]_o ,1o 10 ,30

t2,30
'lo,:o

l 43lT
3o,1o



-1After gettj_ng the inverse N of the above no]íír,,a1

Chebyshev coefficients are obtained for x,Y and z

N - ( T' x)
Y)

30,I

Y N

f
x

2

x3o

X

c -t
-l

(tT

(r'
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equatíons, the
coordinates 3

l 44l

l45 l

Cz

10,1
N

10, 10 ]_o, 30

where for example

x

x

The standard deviations
obtained as f o]_lows:

(tc"-x ;T (tcr-x )

of fit by the three component§ are

l46 l

)1m !i=X,Y,Z! are deleted.
of signal transmission lEo,. J-7 al

2

^

2
Y

2
z

3o- 1

6

(rlcr-z)T (rcr-z)
6

30 -1

D*j.:-i se epherrrerl.jes with o',

At the reqi. _l_cd epochs

T

1.

1t

I2
T

1
í1i

T

nr1

In

(rc"-v )T 1rcr-v )

3o- 1

l47l
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the
The
the

In
meters,

satelliie coord,ínates are
Chebyshev polinomials are
Eq. 40 with time argument

2 (Tt . -1)

in the following
for the vector T

obta.i ned
computed

\daf/ .

us inq
1

a 3o-]- l48 l

and similar to Eq. 40 and Eq. 42 a design matrix T' of size
n*]ois obtained /n=number of observations/.
The coordinates ín question are computed:

s/here, for examp.le

x

x

Y

1

1

' 'x
' 'Cy
T'Cz

xl1

Ir,

x-1n

ZL

x l50 l1

the
the

xti

above computations the positionaI data are in
time epochs are in minutes.

4.2. Broadcast ephemeris

The NNss satellites transmit their predicted orbital
parameters from which the satellite coordinates can be computed
at a requiIed epoch. The accuracy of broadcast ephemerídes is
estimated as 26 m, 10 ír, and 5 m along, the orbit, in out-of
plane component and, ín radía1 dírec+-íon/ respectívely.

The broadcast ephemerís consists of two parts:
- fixed §atel]íte m€§sage to compute mean orbit
- variable satellite meSsage to cornpute time varyin9 corrections

to the mean orb.it.'

-1

l49 l
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The sADosA program system ís accountinE fon majority voted
and coded sateflite message. Decoding is carriecl out .in a
standard viay described for example in /Ashkenázj- I977 l ot
/We]-]s 1974/. After decoding; the orbital data ale in suitable
form.

tp
n
('
ó
e

ao
5l
R
cosi
X^

TD

The fixed orbital data are as fo11ows;
- Time of perigee in nin
- mean motion in lad/min
- argr.ment of perigee at tp in rad.
- rate of change 9f ur in rad/min
- excentricity
- semi-major axís in m

- right ascension of ascending| node in rad
- rate of change of íi in rad/min
- cosine of angle of inclination
- right ascensíon of Greenwich in rad
- satellite identification number
- Iast injection time in min
- sine of inclinatíon
- satellite frequency offset in Hz

t.anJ
sini

^f s

The de.Dded variab]-e parameters ale as follows:

^E_. 
- Exce ,ric anomaly colrection /along trac]< correction/] j-n ra,lians for epochs to-2 It,lo+2,tot4, . . . where to

is the emissj_on time of lock-on signa1 in minutes.
Altogether j=l ,2r3,...,nv corrections are available.

O.j - Seltij -.lajor axis corrections in meters for epochs as
abo,, and j =1 ,2 ,3 , . _ .nV.

^?i 
- out' of |]-ne correctíon in meters for epochs to-2, Ló+2,

to+6,.. F, to ís not devisable with 4 or to,to+ ,

. to+8,... if to is devj_sabte with 4. Altogether j=L,2,3,.
m, corrections a.re available.

From the variable parameters Ár., and. Aaj given at
round 2-minute epochs, corrections AE., and Aai

are computed at t,he sate]"Iite sicynal transrnission epochs
T,, . using a 1east squares §-coefficient approximatíon by theA T t,t2 +3 *4 *5 lbase functíon Yr= J_l , ,9 ,u ,v )t is the variable - palameter epoch vJ-i th lespect to the lock-on



signa]. epoch T5o,/. Ths same procedur€ is used. for the
out of p!_ene correctíons A2 j / i=,4-nínute epochs,/ anal

A|i. Hera the base functíoÍ"ls Ó z = [t,t,cos2nt,sín2nt]
/n ie the mean motíon/. ás result of the fit, 6- and
4-coefficient vectors C^E, Co", C^, are obteiined and
the stanalard deviatíons of fit 6oi, íaa, CNt a]íe
computeil. fhe correctíons at epoch T* base function, ín
implicite form:

a!, = r(co", Qr(rr,rro,rr))

Áe, = f(co", 0r{ra,rro,.,1)

Á?, = t(rort, Ó"(Tli,T50,n))

Finally, the Earth fixed satellite coordinates at the
satellite signal transmission epoch TI. are ca]-culated as

functions of fixed parametels Pr, variable parameters and

epochs Trr, and T5o:

1i r, (r.ln,, aa

D1

/5l/

Y

xli

lJ-

fl(pf, AEi, öai, A?l,rti,Tso)

f3 (pf, ÁE. , Áa. ,

l7, , Tai , T5o )

\A|lilrlilJ56 /

l52 li,

4. 3. Precise v.v. broadcast ephemeri S

At the startíng process /that ís in the sPPENc proeram/
only broadcast ephemerides are used and the satellite coordinates
are computed by Eq. 5f and Eq. 52

At higher processing level /the MERGE and SADOSA programs/
it is possíble to use the precise and broadcast ephemerides
alternatively. Tf precise ephemerid,es are available for an
orbit then the sate]_lj_te coordinates are computed as given in
Section4.e by Eq. frorn 40 to 50. rf no precise ephemerides are
avaí]able or the precise ephemerides have been tejec,bed due to
standard deviations then another wav is fo]_lowed.



Each station has a separate set of the varj_ab]e parameters
for the given orbit. Generally, these sets differ frorn each
other in that each set (,:oveís sor,e clif ferent part of the orbit.
The union taken froín separate sets of the variab].e parameters
will give the 1ongest covering of the orbit by variable
parameters. }'rom the f ixt:d orbital data and the union of
varíab]_e paraíLeters and using the Eq. 51 and 52l satellite
x,Yrz coordinates are conputed at t-minute epochs. The nunber
of l-minute epochs is

int (i-nt ( zx (tru-tro ) ) t z) *z+z l53 l

where int neans inte§er operatioa, Tlk and Tuo are epoch of
the middle of observed, orbít and epoch of the lock-on i {.=* =3O.

on basis of the l-minute epochs and l-minute satel1ite
coordinates a Chebyshev fit is performed by Eq. 40-46, In this
procedure instead of number of points 30 the number trobtained
in Eq. 53, is everywhere substituted. NoW the orbit is represented,
by coefficients C*l C" and Cr. In the SADoSA prograr. the satellite
coordinates are computed fronr these coefficients and usinq
formulas Eq. 47-50 /here also 30 is substituted by tl-

4 .4. short arc method

An orbit generated by either precise oI broadcast
ephemerides has a very accurate shape on a short arc of 15-20
nrinutes of time. However, the orbit itself is transferred, and,
rtltated with rr:spect to basic coordinate systen uch values
which are compa"able to the olbita1 standard devi .]ns
specified for t respective epher.elis type. The t sfer and
the rotation can be handled as bias parametels and i:.]termined
as orbital unknowns l\,lolf L967 i Brown. Trotter 1969 l.

The coordinates of a sate1]-ite point atT1. epoch can be
ex,;,ressed as fo iows:

í

_24_



X

where

x

fi tiX +dx + ain (rrr-r.u)c

cY Y +dYIi ]i
z 1i +dz

fctY T -T

+

(

aáo(t.r-tro )

b^. dz_J]. ,l(
+ blidxk +b2idYk

b- . dY_5t kX,Kb..dq)-

k

k

k

k 1i ]_k )

l55 l

1í

fi are pre1l_minary coordinates computed from
precíse or broadcast ephemerídes as described
in Sections 4.1 t \,L a^cl 4.3|

are positional corrections to orbit at epoch
Tlk of middfe of the orbít, they are to be
computed in the least squares adjustment,
are velocity corrections at epoch Tlk of
middle of the orbit to be computed in the
least squares adj ustment .

dxk, dYk , dzk

Contribution of the expressions by Eq. 54 to the range
difference or the pseudo-range equations can be easy derived
similar to the station coold,inates unknows on the basis of
Eq. 32 /section 3.1.

For range difference equations:,

Ar = Ar9 +

li,l1i, z

]_I

2!

)l

4i

5i

a,j

+ +b dZol k

where b

b

-a1í ]_i

-a

b -a -.Jl

b

= - [ur, ("ir-*!) /,'(rlJ -dTi_l( x|r_ r-x!) l,"Gri_r)]
= - [atr(v!r-y: )/rc(Tli) -ar. _r(v!r_'-";) 7.c(rrr_1)]

a*o,aiu,aáo

l54l

If only positiona1 corrections are airned to be adjusted then
the adjustment method is called semi-Short arc method. If
both positiona1 and velocity corrections are to be cornputed
then the method is called short arc.

b



6i - [at, tz|r-z§) l"lr.1 -arr_.( zir_r-z|)l..(t.r_r)]b

dT. = T_.J_ 5r
dT. - = TJ_-1

2íp
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l56 l

For pseud,o-range equatj_ons

r(T )-r(r ,c (trr) -r'(rrJ + x_k

T5k
T5i-1

b:ipdz:. * baioaio 5ip

]_i 1 b-. d
_L.tDp +b öY +

-T5i
T -T5p

k

+b dY +b dzk 6ip k

orrn

b^.zrp
b^.Jap

4ap
l^

5rp

.brp
dT.

.l

dTp

*1ip

ap

ap

= - 
[ur, 

(xir-x!)l..(rrr) -arn (x!o-x")/..(tro)]
= - 

F', 
(vir-v§) 7rc(rrr) -"r" t"i"_"ítl"rrrn)]

= - [atr( zir-zi)7rc(trr) -arn (z|n-zc) 7."(r,n)l
5k

5k

lo
,-t

.,':

When precise ephemerídes used,, then both positional and
city correction are computed in rectangu]-ar coordinate
em. fn case of broadcast ephemeris along, out of plane
-l,:.:]ial components are adjusted in meters. For t.-his
.]se the respectíve coeffícient b]_i, b2i, b3; or blio, b2io,
i,lave to be lransformed into the spheIica]_ system:Jrp

l-*
" i,i, b b2I, brlb:i]

*l-

,,,' bzio, b,rpJ= Frip,bzip, b:i

3i_, G-k

wlrere the tran§íormation matrix

lc.pJk

l57 l

where
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- sin v_,k

- sin Yk

cos Vk

cos Ik

sin.to

sin)

cos,[
k

Gk k
o

and \, Yk, 
^k 

are the geocentrical distance, latítude and
longitude of k-th satel}ite point /orbital mean/ at epoch Tlk.

5. oBSERVATIoNAL EoUATToNs AND I^iEIGHT MATF.TCES

5. l. Observational equatíons

Tn case of a ,station i /i=g/ observing an orbit k, altogether
ník obse.rvational eguatíons are obtained one of v,/hich with
index j lj=7,2,---,n.kl has, in genera]_, the form below

l58 l

with quasi observable 1. equal to the right hand side of Eq. 30,
a.nd, v. res j_dual .

JThis observational equation is composed, of the effects of station
unknowns /Eq. 33/, orbital unknowns lBq. 55 l and error model Parameters

lBq. 30 l and shows that the range d.'r f ference t!.ode]_ and the short
arc method are used. Depending on the program and on the
opl-_ion wanted to be run/ different compositj_ons can be used in
the prograrr, sys tem:

- ra49e dífference model and short arc method /SADOSA/,
- range difference model and semi-short arc method /sADoSA/,
- pseud,o-range model and short arc method /SADoSA/,
- pseudo-range modef and semi-short method /SADOSA/,
- simplified, range difference mode1 and semi-short arc

rnethod / SPPENC /

- simplified range difference mode1 with no orbitaf unknowns
/ sjPPE],IC /

Let us introduce
k-th orbit unknowns /

station-to- sate 11ite

vectors of í-th station unkóowns
d./ and error mode] unknov.,ns of the

l"

event /ái, / so that.

táit '
oiven

cosíocos }o

cos Yks in }k

sinYk

.1idxi*uzidY. +a3 ,dz . +btidxx*bzldYk*bgjdzk +

+b..di, +b-.di. +b_.dU. +c. . df+c^ . ai+c^ . dt+c. , dK = 1,+v.4JK5]}ib]kI]2f3)4J]]



dk

ik

B

dxk,

-28-

l59 l

l60 l

l6r l

á, = [a**, u"o,

Xk, dY dz dY dz
T=Ld

d.. =.LK far ;u ,ai ;*, at * , ud'

and the corresponding parts of design matrix:

B

b

k

a. a^. a^.r] zf 5J

b b2j 3j A)

B

$/i th
and

L ik

ik 1j 2Jc c

L,2,...rnik,

+B

T

B ik

]
the vector of o:rasi observables and resid,uals

=[rr,rr,...,Lj - rT
'rnit_]

t" L'v2, 'j " " ''.,ix]

Af t_e]. that, th,. ,stem of observatj-onaJ- eguations of
event of observatións from station i to orbit k wil]_ have
matrix form:

the
a

ik aK r]<

n,. *1 n.. *]-tK lK

d.
l dk*

6*1.ik*3 3x1 .ik
ik
x6 b ik*4 4x1

l62 l

dzk] T

b_ .1] b-.5]

J]

.-]:I
b-. lb] l.I:l

_]

ik
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5.2 V,Ieíqht matrices

The quasí observable Vector Lik i"
respective weight matrix P.k v/hich can
in díf ferent \a/ay .

For the adjustments in SPPENC program a
/single statíon, j- index is omitted/:

associated with a
be computed optionallv

unit matrix is used

l63l

2

E

For range difference model, when a
quasí observables is supposed, the
/Graybill 1969 lz

-0.5 correlation between
are as fo1lowselements of p ik

/b5/

and pseudo-range modeI íf stat.íonaIY
/Grayblll ]_969/ the }reight matrix ís as

/ \ [m 
(n. 

o+r-n) [("ro*r; *o2 t Q]-I, if n z m

iD l : l\-ik/m,n 
|n(nro+l-m) [(',ru*l; nu2t|f-I, if rn)n

m = Lr2,... rnik
n = lr2r...,nik

For pseud,o-range equations, when no correlation is supposed,
a diagonaI matrix is introduced:

(ú,Jl,
n

P

o
2

ik
*nik ik

rn both range difference
time series are supposed
fo I lows

o
6

1

0

-2l+ é,(

D

a}<
*n ik

2,6( 1- }1 1+
l66 l

The other types of observational equations ].ead to matrix
form simi]_ar to Eq. 62. Every further operation wi].1 carried
out using E'q. 62.

D
l(

nk'nk
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where "( is the first order coefficient of corie]_atíon of the
observed, quantities computed in the previous iteration. In
the above equatíons óo is the a'priori standard deviation of
unit v/eight selected to be equa} to 1 or to O.l5roptionally.
d is the standard deviation of observations /in m/, which is
either input separately for each Station or det,ermined in the
previous iteration for each station+.o- s atellite event ik (6-ult),

5. 3. constraints
In each s lation-to-oIbit event ik the error mode1 parameters

can be constraíned on the basis of a'priori knoi.edge of their
accuracy:

di ag l63 l

For weíght of the parameters which are not to be adjusted a zero value
is supposed,. If the time synchronization parameter d,t j_s

selected to be computed then for the time systeín definition
it must be constrained, if s'ua =o is input lhen a default
6ua = 1OO 1rs ís u,sed.

W..
]_K

4x4

/ -)( uai, -.,
"ai,

o""_-2bz'

"dt'

also can be constrained,. For a k-th orbit
phemeri s

_2 í,
X Y

-2

The orbita1 unknovlns
j"n case of broadcasr

( 2

í2

2 d ,í )
2

I,^i di aq d
Á],

í

6 l6aaIk

)

t
6,6

26 m, o?

o. 01ov

in case of precise ephemeris

§
AE 10 m,

m/s

6'.=5m
a

( -1 -2
ov Z

dlao ,6
6

k
6

6- =6 =6

lJ

xY Z
2n and

l64bl

6- )
(l.lU

oi', ui',

6-* = 6v = 6b = o.oo1 m/s



6. LEAST SoUARES soLUTIoN

The observatíoná1 equations are accurnilated for every

s ta tion_to-orbit event. The fu]"l ns triJ of observatíona]-

equation al1 ov€r the netvrork vrould be obtained as follows:

Ax+L=V with P weigh! matrix 166 l

The least squares minimum variance estinrate of x is
obtained by rr,.inimizing the Lagrange function

PV+xT zxT 1ax+r,-v ) l6,7 l

with respect to the parameters v, x and K, In the above

equations for the totat network

is the design matrix
,L and v are the veclors of unknowns, observables and residuals

is the v,/eight matrix
is the a'priori weight matrix for the un known s /con str aínt s /,

9= vT

A
x
P

Px

After minimizing the
multíplier and V vectors,
from

9 and eliminating the unknowns K

the estimation of x can be obtained

3la-



values are built in which can be used optionally.
If the coordinate system definition is based, on the sate1]_ite
coordinates, then the weights must not be zero.
The station posiLions also can be constraíned. Tf nst is the
number of a1]_ stations, the weight matrix wi1l have the form:

_)
"x- 6Z

n
l65 luu'

n
W = diag 1u-2

x1 , Y
-2

z
6 í 2

l,",,
n *nst

The 6--s may be of different values.
is based on station ccordinates,
dina'-es must be constralned. 'Ihe 6--s

st

If the systeri definition
then the appropriate coor-
generally are é- or 25 m.

stn^l

The coortlinate system in SÁDOS.A cgn bo tlefinetl alternqtively.
by usiD€ the inner constraint approach /or free atljustnent/
spp]-íed to the origín 8nal thg orientation of §y§tem.
Detai]-ed desil,iption of the pnoceclure ís gí,.,.en, for exanple,
ín Blaha,a97l .

Further pos§íbility is to constrain the ro]_etíve posítíon
and dZ, of selected
§ ome m coord.ina te

difference betrveen stations í and. j is lolown sn accur€cy
of lalj , then the r:espective e].ement of t}ro W" T =

r€lBtive matrix ís as fol].ows
-2
m..

]-J / 65a/

:;§i:l"',"ffi']:"]i "í;"§t*; H**

m.
]-j

- 31-
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(aTna+e*) x *aTpl

X - (eTea*r

\-
.1_ oj 1aTra*r* )-1

and the a'posteriori standard deviation of. unit weight

o

l7ol

l7ll

x

2ío
T TPV+x PxX

f
ís degree of freedorn.

above proc€dure is a principle víay. Tt wilI be
on three leve]_ of processing as shown below.

where f
The

reaIized

6.1. SINGLE STATIoN PASS-BY-PASS sol,iJllIoN

In the SPPENC program the data filtering is based on a
18§t squares solution for single station from sin_ole pass.
Here the station cooldinate and frequency offset corrections
are unknowns. The range di_fference observational equation for
j-th observation:

áridv *erra^ +á3.dH+cl .df ,+v.]J l72l

Here ár., ázi, á3i .r" computed, as prescribed in Eq. 39 but
using satellite pos
Ttj' "tj is compute
instead of T. _. ;

J)

but using ín it
Á* . is omitt

For a single pass the observational e<;uatj_ons for n
measurements and the normal equations are computed:

-T_ -T*A-AX+A'L=C)

and the respective'parameters are eStimated:

itíons computed for TÍ. epoch instead of
d as given tn Eq. 30 but using Ti. epoch
is computed as the right hand s.'Lde of Eq. 30
and Ti. instead of Tlj and T5, and the correöiion

t

1.
J

T] .1J
ed.

AX+L=V
l73l

* ) 
- laTrr,

The variance-covariance matrix of the estimation is

l68l

l69 l
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Lu, d^ dH, df T_-L l74l

design matrix A and Vector L, the estj_mated x
vectors are computed, from which the standard

and the corre]-ation coefficient for k-th pass are

l75l

lT _ - - _
-l-^-

--rr,_- -] -(A-A) - A

Using the
and v
devi at i on

§-\ _-
2 *11

6-}< n-+

d.x l]6l

The residr.lals for which v- >q Í,_ lq,=2.s,3.o/ are deleted and
]-K-

the adjustment is repetead. If no further residuals are to be
rejected the adjustment is repeated ti1]_ convérgence /for
latitudei 0.02", 1ongitude:0.02" cosf , height:0.7 m and
frequency offset: o.o4 Hz|.

As a by-product, the stat,ion coordinates are averaged from
the gingle pass solutj_ons:

flr"*a7u)
npas s

[(,rc+alo)I

H

l 
,7,7 lnpas s

f-, ^) (H-+an. ]Z-\ Rl
npas s

where n,___ is the number of a1l accepted passes , Y", Á",pass
are preliminary slation coordinates, dfo, d,\k, dHk are the

Hc

corrections computed from a síngle pass k and k=I ,2 , . . . ,n

\-- -l- -l i+.L
§--_



6. 2. srNGLE STATToN SEQUENTIAT, soLUTfoN

In the sPPENc program the station coord,inate determination
is based on 1east squares solution for a single station from
accumulated effect of observations of separate passes. Tt is
a sequential solution. Here the corrections to station coor-
dinates, to satellite initial position and to frequency offset
are introduced as unknown pararieters. The range difference
semi-short arc observational equatíon for j-th observation of
an i-th pass is as foflows:

,l

L2
Y

2

Consíderíng the system of obseIvationa1 equations of a
pass, 1et us denote the station unknowns by vector X and the
respective coefficients by matrix A as $/ell as the olbita1
plus frequency unknowns by Y and the respeitive coefficients
by B. Then th(: system of observational equations taken over k
passes will have a form:

f L VBA
A o2

The
that

oo

o
B

N2

o

&,

N1

N,-

o

2

V

+

x
Y

o
o

B

1

1

2V

A.
,K

)N.

N:l
_.FNi

k
Yk

system of norrnal equati ons o aine d
the weight matrix for obs erva tions

from Eg. 79 / supposing
is a unit on€/ i8 8g fol].olps!

L,
K

§-:.

k

l]9l

N.
]<

o
o

X

Y

Y
1

2 o
-1
"2

k

+

kYo
:.F
N.'k o

I,2r...tk andwhere i=

i.ik

l80 l
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ariaY+lrdl+e3jdH+bl.dx.+b2.dy.+b:jdzi+crrari = lj+rj l78l

l.." 1l , áz), ár, are computed according to Eq. 39; br,, bzj,
O33 .r" computed as prescribed for Eq. 55; "1i .r,d 1. aie
computed as given for Eq. 30. Tn every case epochs ri. and
Ti. are uÉed instead of T1 . and T5..

1



N.
]-

N.r

Ia

and i\i . are1
in the
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l8I l

/t2a/

l82 l

l83 l,

N,
.]-

L.1

J-

T
a

]_

.T-
].

_ _T-
a

+W

]_

l_

]_

]_

orb

Worb

Eq. 80 is a first order partitioned system. !'or íts
reduction /Brown, Trotter 1969l proposed, a procedure. The
following computation way is based on this procedure of
reduction being performed in a pass-by-pass mannér.

For an i-th pass:

with orbit constraint matrix

The submatrices
computed, by Eq.

}.{

Transform (rvu (ze,ro5 m)

N.
]-

B1

,N.,N. and the subvectors c.,c
-LJ_l

., are1,
1

2

3

A work matrix ís produced, Ql = NiN-r
The submatrix Ú. and the effect coming from N.-,i
added to the reduced normal matrix accumulated
previous i-l passes:

IvI
l-t

+

+

. -0iNi /(il

; '"r'-i l

I

whe re

ü,,_, = (\-orr,T) *(úr-orN])*. . . +(rirr_r-oi_rNT_r)

]'he same opera|ion is performed over constant vectors
c and C

.L

l-

1

c

c

i-1 (

where

(ör-orö.) + (ó r-arö 2) +. . ;+ (ó. _r-or_rd i_.)i-]-

Ilere !tI
cons tant

anc1 C, are the reduced normel equat,tons and recluced
vector.

c



4 The i-th estímation of the unknown vector composed of the
station coordinate corrections ís computed:

i-1

-36-

l84 l

l85 l

l86 l

t rirllc.]_ ]_

^
The sum of the residual
freedom is computed for

T V VI

f i-1

í

squares and
the phase of

of the degree of
the gíven pass:

+ VTV.]_ J_

(v ()

I

i-1
t. -r + ín. -r)]_ \.l /

where for the previous i-l passes

(u'r)r_, = v|v. *v]v, T
i-1+ +V V

-1)

i-1
+ n -f )

An estimation for the standard deviation of
station coordinates obtained after i Dasses

2ouy,,

2§dl, i M.'
]_

(+=3+(nr-1) *("z

(vTv)., ,I

the estimated
is as follows:

]_

6

After introducing the observations of a new pass and
proceeding with formulas in Eq. 81-86 a new estimation is
obtained for.the station cooldinates and their standard
deviation which :is better then the previous ones. In statis-
tical sence, the best estirnation is obtaint:d aftel the Iast
pass to be processed to get single station coordinates in
question.

dH, i
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6. 3. IuULTISTATIo N SHORT ARC soLUT ToN

6 . 3.1. Reduction of second order syS tem

In the sADosA program dífferent adjustment models can
be used. Let us select one of them characterized by observationa1
equations Eq- 62 written for every observations of each eventik lÍ=I ,2l ...,hst are the stations participating in the netv/ork;
k=I ,2,...,m are the orbj_ts observed in the network/.

The matrix of normaf equations generated by design matrixof the tota1 system will have the foJ_lowing form:

o

U

Ui

u;

:

U-
]n

U2

o

v2
:

Ldtdxrdxzd"k

LCtcrrCr z

U U
m c

c1

2

d

d

d

]-

ü1

o

= lU_Lk

o

o

U

f

as ]_he

f iner
ck

l87 l

Thus,
netv]ork

c

which seems to have the same structure
in Section 6.2. gowever Eq. 87 has a
subrnatrices Ú,_, Ü,_ and the subvectoIsKK

2

m

first order syster,
stIucture. The
are of the form

l88l

cdo
mm

dt,

U U Ukf k2

Nk1

U.
]<n.

t<

d T
kn

c T
knk

k2

]

]

]

k

N

fo,

N

o

o

o

k

ck

i'u N,Knk
T

N N](1 k1

NT
k2

T
kn

o
u

k

N
k

that is they a:- l also of first
the matrix of normal equation.

n"",r^r partitioned systems.
: total observatir-.l r .r,

o

o

kn.
]<
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is second, order partitioned one"
The proPerties and Ieduction of such second, order

Partitioned system are given by /Brown, Trotter 1969 l. In the
sADosA program the reduction procedure suggested by /Brovrn,
.Trotter 1969/ has been adopted. Tt is given in the fo1lowings.

The reduction procedure is carried out ín an outer and,

an inner 1oops. The outer loop handles the k-th orbit of the
network. Inside outer 1oop c.,f the k-th orbit an inner loop
elirr,,inates the error mode1 unknowns of each consecutive station
with index i lL=).,2,...,nk/ observing the $iven orbít, that j_s,

perforrns a first order reduction. As the inner loop is finislhed,
the outeI loop elirninates the orbital unknohrns of the k-th
orbit, that ís, perforns a second order leduction. F_s the
outer loop ís finished, a red,uced normal equatíon sfu stem is
obtained v7ith station unknowns onlv.

This reduction_ procedure ís expressed blz formu]_as of the
following steps:

1. The design matrix is forned for the station i of the orbit k

]-K lx +\/' 'ik l89 l
.\^
B., d. +B. . d_ +B.. d1KJ_akKak

2

whele the observational vector
matrix P.u computd as shown in
The norma1 equatíon matrix N. k
the respective submatrices for

L,. is associated with weiqhtlK
Section í.2 .

is generated and devided into
the griven event ik3

U U

-rF 
_rPU:. N:. N.. c._l_K 1K ]_]< a]<

1T
]_K

B:.
]}<

N N Cik ik ík ik

U Cik ik il,

N

ik
t

U
.. 1

.. B.. B.. C.. l_iK ].K rK lKJFN P l9a lik ik

3 The error m-odel constraints áre considered and two vrork
matrj_cea-; are computed for the ík-th event r

wllt = üi_k (i,iro+uro ) 
-1

í,11
1K

-1(űro+wro Jik

ik gíven bywith diagona1 matrix of
model

error /constraírtts l'|

l91 l

Il(
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Eq. 6 3.

The firsL order -Ieduction is performed for the ik-th event:

ík W1

.rnU:. N.. c..]_K .L}< I]<
v,I2

ik r_
LU

T
ikN

T
ik c ]ik

ik

L*] ro
r..1
L*-]ir.

[cl U Uikik
r., -l
Lc_]lr.

ik

5

6

submatlices ífi.. +w." )-1. ö._\ a}< ]_ }< / 1k
are stored' for use in back

As each reduced array of Eq.
the s urr, of íts predecessors
running through i=I ,2 ,. . . ,nk

t-

and work mat::ices
solution.

92 is formed it is
there-by producíng,

W1 ik' ik

added to
after

l92l

l93 l

!94l

l95 l

F]I

= B,]-
r-- _

|F]u -]

l k Il']ro
s-- r-'! |T|

ZLN]ix

\- T- -,l

)LN]ix
§- f ..-,I> lN l..l--L J ak

Iló]ro

IF]..o

7

9

L
.l\s each array
inner loop is
perforrLed for

with lrork matrix

I^l3

b]

of the form Eq. 93 is produceal /that is the
finislhed/, the second order reduction is
the k-th orbit:

,J
r..r --]
Lc_] ]. I

*,.o Pl;LC-]

[!l]*Fl*

lrlo (Flu**o)-1k
,, irere Wu is Lhe
given by Eq . íi 4 a

precise ephe

8. Submatrices
for use in back solution.
As each ar:ray of Eq. 94 is formed it
its predecessors there}y producing,
k=I r 2, . . . ,ít,

di"T gonal m.atrix of orbitaI unknown constraints
for broadcast ephemeris or Eq. 64b for

( [,i]o*wo )- 
1,, tÖJo and v/ork matríx w3k are stored

is added to
aiter running

the sum of
through

mm

k=1 k=1 ]
F] Fl x x]

l96 l

[L*],-

Ltq l-

c

w2

L']*

[tl.L JK

LE--l

|u ]-_]

T

L

Its worths to note that the summation in Eq. 96 includes
.1:l so a sortj_ng procedure by station.
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10. Constraints of station unlmowns are consialeredl us ing const-
raint rratríx 1T given by Dq. 65 or/and Xq. 65a or innet

censtraiírt. ás result, the reduced. normal oquatíon system is
obtainett wíth respect to stetion unlmown§:

U

Back solution of second order pa]:titioned system

E
--l r* _ ----1 -i = |is| lc;l l+lw al l9,7 l

6.3.2

First, the station unknowns are obtained. Then outer and

inner loops wi1l operate. In an outer 1oop the orbital unknowns
are computed,. Tn an inner 1oop for k-th orbit the error rnodel

unknowns are computed. As a byproduct the respective contributions
to the constraint miscfosrire xPxx are cornputed.

The back solution is expressed by formulas of the
following steps:

1. The station unknowns :

^ -'ld = - N t u l98l
and the constraint misclosure for station unknowns /VPVCI/:

l99 l

2. Repeate 2.]- and 2.2 m tímes /outer loop/:

2. 1. Read the stored +W and W3 of k-th orbit.

( d-WdXX)"t.

\-t l.;1
kl , LuJk(Trt.

k

dt ([iiJo**o)-t l-.,,,l /Nlc l_ -Ví3_ d

X"/ orb, k-]_

+W -1
ik

unknowns :

l LoO l

lrcIl

and the constraint miSclosure weighted square after the
k-th orbital unknowns to be accumulated |VPVC2 |z

(PxX)oru,t xP áfiwoáu( +

2.2. Repeate 2.2.1. nk tímes /inner 1oop/:

Read the stored (fir*
The ik-th error model

cir'WIik))1

d.,IK ik d

and W2 ik,

lIo2 l



_^1_

xP( ._ \ ,:T _- ,:__r(/ -+d._ W._ d.-x /err,f-I aK J_,l( l_k

-3nor

llo4l

llo5 l

llC.6 l

k-1
where j=

L-l

6 ;3. 3. standard devlation of unit weíqht

Estimation of the residuals Vik ir Eq. 89 ís obtained
fror. the observational vectors computed in the next iteration
lor, if 1ast, ín an íteration-like procedure/. Thus sum of
squares of the Weighted residuals of observations is obtained
/ VPvoB / :

VPV

nmk
\-- \- m
,/ ) V__,/ / .r J(

Pobs ik

so that uro = "ii"*'

pxx = (px")=t. ( XX)..,* (xe
XX )orrxP

The total sl:m of squares of aI1 weighted resíduals /VPV/:

'trPV=VPVoos+xPxX

mI n-
\-L- (

t
-n JJk=t _L-l

The degree of freedom coming from corrstraints3

l IO']al

and the constraint misclosure weighted square after the
ik-th error modef unknohrns to be accumulat,ed /VPVC3/:

llo3 |

X nt+i

Vix

The constraint misclosure r^/eighted, square summed up over
a]- ]_ contra j_nt s :

The degree of frcedom comíng fron observations:

o-bS n .- -npoz IrR err )



+nn c +

'k\- \-2_ 2_
n

)

f con s tr sta orb orb

The total degree of freedom:

f obs constr

ík

f

or

k=1 i=f

)

m
n_k§-) (c..-n +nL\ LK err Doz ,IR ]sta c -1 +orb orb

k=]_ í=l

is the number of statíon positional constraints
is the nun,,ber of stations in the adjustrnent /NSTA/
is the number of orbits in the adjustment /NORB/
is the number of station observing a given orbit 1(

is a factor /NXYZJK/, .orb=3 if semí-short arcrno"9=6if :hortcrrt

is a flag i ]oRBc/ specifying if the orbits are to be
constrained /c . =1 /. or not /c .=ol, or-b , orbj-s the number of constraints in an event ik
is the number of error model parameters to be
determined in the adjustment /NAIPR/ íor an eve[t ik
is the number of accepted observations in an event ik.

)-> r (

n.K

v/here

csta
nsta
m

norb
orb

c ik
errn

n .,poz ,IK

The j_nternal standard deviation of unit \"/eight:

§ oa

XPx

/1o8/

x(-oe f cons tr

+f

/o1$7

/l "+/

c

-3n

VPVoDs
-2-'obs

The external star;dard deviation of unit v/eight:

The a'posteriori standard deviation oí unit vreight of the
nétv}ofk t

l Lo9 l
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í VPV llrclo

6-3-4. Jnversion of the reduced norma]_s

The reduced normal equation matrix N /and the U vector/
iec1. St 1 is handled so that only the uppe]í triangle is stored
in 3*3 size block format /and 3x1 for U/. The normal equations
are solved by a Gauss reduction, the back solution and computation
-of the inverse is performed by method associated with the name
of Banachiewicz.

The procedure given by /l"lueller et a1 .

subroutine realization published in /Reilly
is ac]opted for the sADoSA program.

T
ldxt,dYl,dz],. .. ,dXn ,dYL- - - "sta ]

ty

1973 / and the
et al , ]-972 l

6.3.5. computation of station coordinates
An estimatj_on of the station coordínate correctíons is

obta j_ned :

d= ,dZ T llll ln nsta
The estimated rectangu]_ar station coord,inates are compltted

as Sum of the prelíminary coord,inates and the corrections:

YL,zl,...,X.
]

T

[",.,

T..

n nsta

+duf,zf ,...,x

_2
'o

c
n

c
n zcn J

T
l lI2 l

the rectanoular

st

The estimated vari ance-covari ance matrix of
si:1| j On coord,inates :

N lrL3 l

x
Y

f

-1

and the standard deviation of each rectanqular stalion coordinate
is obtalned as §quare root from the respective diagronal elernents
ot )-.

x
Y
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The correctlons to e1l1psoidal
§, a ,r , (rn ur."u"), du, (in m) of

3x1 block of

coordlnates
a station
d and by

dy írn/a
í are computed
virtue of a G.

]_

l IL4a l

from the respective í-th
transformation matrlx

arcs e

[u r,
where

1

By means
obtained

G,
]- [a*r, a"r, dZd^ ,]

rT
ildH T

i,

.P
R.

_L

p
R.

1

cos Asin Y,

sin),
cosY1

o

- 
sln )r,R. 1

J-

_p cos tr,

sin z\1

cosF. cos Aí

il

The respective
of a station / units:

,

Rí cos Ft

Y ]_
sin z\

l_

wlth -P = 206 264.806" and R. d,ístance of the station from centre
of the ell1psoid.
The e1llpsoidal coordínates for station i are obtalned, as
fo11ows

['r,
^

= lY.
.c
1 ]

-]r
H. t "r] * dH lIL4b l

rr.atríx
i,

estimatíon of vari ance - covari an ce
22ni-, arcsec- rm arcsec/:

]

G

are

lrI5 l

l],I7 l

Pi

Hi
Yi
Zi

The error ellipsoíd parar,eters are also computed using
a stand,ard TBM procedure /subroutine DEIGEN/ to solve the
task of eigenvectors. Based on the diagona]_ 3*3 b]_ocks of
the vaIiance-covariance matrix, for every station i the
eigenvalues }. lj=I ,2,3| are obtained from]]

, Ij1a T
]

=d

ó

of }.,.. the eisenvectors tj /: components/
)7

from solution of

í-r-
Lr_ i,.1 T]

1 ]]

Fron each rj the length, latitude and longitude of an error
ellipsoid axís is computed. The latitudes anc1 longitudes of the
three axes are then transformed into the elevation above
horizon and the az imuth.

D

R. "os fi
l_

o

sin í,,.t

llL6 l

1

íai GT



6. 3.6. P,elative station positions

For each station-to- station coíüination the relative
rectangu]-ar coordínates, the distance and the respective
standard deviations as we11 as the variance-covari ance matrix
and error ellipsoid of relalive positions are comrluted.
The relatíve rectangular coordinates:

\,{íth i=1 ,2r...,n
The distance

íx . -x.t] ]_
h ,-z .\ 21rl2
.] ]_l J
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lr78 l

llL9 l

l L2o l

c()ordinates are conputed
of f-__. .uxa ]

DYij
Dzij

]
x

Y

x

Y

]

j=i+1 , i+2 l... ,yl

+

t

}

J_

]

) 
2+ (v, -vr) 2+D=t

sta

ij

The variance-covariance n.atrix of relative position:

, ^\-z,L

respective variance 3*3 diagonal
well as ). , is the 3*3 blocka]

j-th column of 3*3 b"],ocks

are
and
row

the
jas
and

The st;:.,,,]ard deviatíons of relative
as square root from the diagona]_ elernents

The errol eJ,lipsoid pararneters aIe computed in the Same
wav as described in the previous sectíon 6 ,35. Computatíon here is
based on the 3*3 sizA 5- rr:ri an4g-66variance matrix.

DYíj
DZij

I-nx. .-ll a] l

|'"r, I

l or.. l

j

s--s-
- Dxii - L_í

Br+j

where r. and 
'.

.-]_ 
-lbloks for station i

at crossing of i-th
/covariance bl ock,/.
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